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The aim of this paper is to stimulate further work in the application of 
perturbation theorems to linear transport theory. The collision operator is a 
bounded perturbation to the collisionless transport operator, this fact is used 
to study the semigroup generated by the transport operator and the perturba- 
tion of its spectrum. 
1. INTRODUCTION 
The time dependent nonlinear transport equation was first formulated 
by Boltzmann [l] in the year 1872. The linear transport operator has been 
given attention since the paper of Lehner and Wing [2]. First, I want to 
formulate the formal linear transport equation, as it appears in many problems 
of neutron transport and ratiative transfer. The Cartesian product 
(x, V) E R x S: x E R C R, and w E S C Ra is called the p space of statistical 
mechanics. Then the particle density function n(x, U, t) satisfies an equation 
of integro-differential type 
an -=- 
at 
e, grad, n + 
s 
k(x, v, v’) n(x, o’, t) dv’ - U(X, v) n; U-1) 
s 
in addition, we have a boundary condition concerning R and an initial con- 
dition 
4x, vu, 0) = f(x, ~1, (1.2) 
f(x, w) being a given function. To this formal linear transport equation there 
is associated an abstract Cauchy problem, If n E X = LQ(R x S), p > 1 and 
n(t) E X, then a vector is a valued function from t 3 0 into the Banach space 
X, and be g(t) the strong derivative in X with respect to t, then: 
?i= -(T+A)n, (1.3) 
- Tn = - v grad, n, (1.4) 
- An = - A,n - U(X, v) n, (1.5) 
- A,n = 
s 
k(x, v, ~1’) n(x, o’) du’. U-6) 
s 
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- T is called the collision free transport operator, - A the collision 
operator and - (T + A) the linear transport operator. Roughly, the domain 
of - (T + A) contains all elements of X, such that (T + A) 71 makes sense, 
is contained in X, and satisfies the boundary condition: 
D(T+A)={~EX: -(T+A)n~x,n:Bc}. 
And the initial condition can be written in the form 
(1.7) 
n(0) = f E D(T + A). (1.8) 
The aim of this paper is to consider A as a perturbation to T, and use some 
of the theorems and concepts of perturbation theory. The reader is referred 
to the book by Kato, “Perturbation Theory of Linear Operators,” [3], for 
the notation used and the theorems cited. 
2. ISOTROPIC SCATTERING OF MONOENERGETIC PARTICLES 
First, I shall restrict myself to the linear transport equation describing the 
particle density function in case that all particles have the same energy, and 
scattering and fission events are assumed to be isotropic. An intensive study 
of this linear transport operator has been initiated by Marti [4]. Now, let R 
be a convex and compact domain of R, , with diameter d, 
(2.1) 
and S let be the surface of the unit sphere in R, . We want to solve the 
following abstract Cauchy problem: 
ri= -(T+A)n, n(x, co) E X = Lp(R x S), XER, WES, (2.2) 
- Tn = - w grad, n, (2.3) 
- An = - A,n - n, (2.4) 
- A,n = -& j- n(x, w’) dw’, 
S 
Let xa be a point on the boundary of the domain R and wr a direction 
pointing into the convex domain R. This kind of boundary condition is an 
expression for the physical situation, that no particles enter R through the 
boundary of R, also there are no surface sources of particles. The initial 
condition can be written in the form 
n(O) =f e D(T + A). (2.7) 
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Because of the transformation n(t) -+ e&z(t), it is equivalent to study the 
following problem: 
?i= -((T$A,)n, D(T + A,) = D(T + A), 
n(0) =fE D(T + A,). (2.8) 
The spectrum of the collision-free operator Z( - 2’) is empty, and the resol- 
vent set P( - T) covers the whole complex plane. All we have to show is, 
that the equation 
(T$h)n =f fEX (2.9) 
has always a solution n E X. This means, we have to solve the partial dif- 
ferential equation 
wgrad,n +Xn = f, (2.10) 
and we shall do this in the following way: 
$ n(x + SW, w) + hn(x + SW, w) = f (Lx + SW, w) (2.11) 
has the unique solution 
I 
s 
n(x + sw, w) = echs s (r w) e?f (x + VW, w> da, (2.12) 
1 * 
where sl(x, w) < 0 is the unique coordinate u on the straight line x + uw, 
such that x + sr(x, w) w is the point on the boundary of R. For s = 0 we get 
n(x, w) = 1: (5 w) eAof (x+ uw, w) da, (2.13) 
1 * 
n(x, w) satisfies the boundary condition and is in X =L’(R x 5’): 
eRefAjo da jjfjl , 
/I( T + X)-l /I < I:, eRe(Qa da. 
If Re(h) > 0, then we get 
1 
IV + 4-’ II < Re(h) * 
(2.14) 
(2.15) 
The same relation is true for X = L2(R x S), as can be shown easily. These 
two special cases p = 1 and p = 2 are the most interesting ones from a 
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physical standpoint, and we can restrict our arguments to these cases. So we 
know that (2’ + A)-’ exists for all A, (T + A)-’ E B(X)-B(X) is defined the 
set of all bounded operators from -ri into X--and D[(T f X)-r] = X. We 
conclude that T E C(X)-C(X) is the set of all closed operators from X 
into X-and D(T) is dense in X. 
DEFINITION (Kato, p. 485). If T E C(X), D(T) is dense and 
for k = 1, 2, 3,... and Re(h) > 6 
(2.17) 
for some constants M and p, not depending on X and k, then we say T is an 
element of the class G(M, j?) C C(X). Th e collision free transport operator 
belongs to the class G( 1,O). 
If we apply the sufficiency part of the Hille-Yosida Theorem (Kato, 
p. 478), we see that the collision-free transport operator - T is the infinite- 
simal generator of a semigroup of class C,: 
U(t) = exp(- Tt), (2.18) 
II W)ll d Meet, (2.19) 
for M = 1 and j? = 0. The abstract Cauchy problem has a unique solution 
ti = - Tn, $0) = f E W”), (2.20) 
the solution being 
n(t) = U(t)f. (2.21) 
It is easy to see that U(t) has the form of a translation 
v4Wl(~9 w) = XRW(~ - tw, a>* (2.22) 
recalling thatf(x, W) = 0 for x $ R. 
The semigroup U(t) describes the collisionless flow of particles in R, till 
they finally leak out of R for t 3 d: 
I/ W)ll G 1 for all t b 0, 
U(t) = 0 for t 3 d. (2.23) 
If the initial distribution f( x, w) describes a cloud of particles in R, all 
particles having a positive distance from 8R 
f(% w) = xi&% dist(M, aR) = t, > 0; (2.24) 
then we get 
II W)fll = lifll for 0 < t < t, , (2.25) 
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so the upper bound in (2.23) is in this sense exact. The operator 
n(x, w’) dw’ 
s 
is a projection from L*(R x S) onto D(R); it is not compact. The collision 
operator 
- A,n = CP (2.27) 
is bounded and has norm c (both in L’(R x S) and L2[(R x S)]. We can 
apply a theorem of Phillips (Kato, p. 495): If T E G(M, /3) and the perturba- 
tion A is bounded, then T + A E G(M, /3 + 11 A Ij M). In our case this gives 
the result T E G(l, 0), and so T + A, E G(l, c), and T + A E G(1, c - 1). 
In the semigroup generated by - (T + A), 
Z’(t) = exp[- (t + A) t] (2.28) 
has the bound 
I/ V(t)11 < e’+l’t. (2.29) 
This bound is exact in the following sense: We choosefthe initial distribution 
(2.24), then we get 
II Wfll = e(+l)t Ml for 0 < t < t, . (2.30) 
This is clear from physical reason, because during this time interval the 
particle cloud does not know about the boundary of the system and develops 
like in an infinite medium. Then the total number of particles is proportional 
e(c-l)t, c being the mean number of particles after a collision process. 
A representation of the semigroup V(t) can be given in terms of Vi(t): 
(2.28) 
Uo(t) = U(t), 
(2.29) 
Un+l(t) = - j-” U(t - s) A,U,(s) ds for n = 1) 2, 3 )...) 
0 
V(t) = ectVl(t). (2.30) 
U%(t) contains the collision operator n times, so it expresses the contribution 
to the particle density at time t due to particles that have suffered n collisions 
during the time interval [0, t]. It is also clear, that 
Un(t) = 0 if t >(n + l>d for n = 0, 1, 2 ,... . (2.31) 
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3. THE ENERGY DEPENDENT TRANSPORT EQUATION 
THEOREM. If R is a convex and compact subset of R3 with diameter d and 
S = R3 , ifk(v, v’) and u(v) in the collision operator A do not depend on x and if 
thq are square integrable, i.e., k(u, v’) EL~(S x S) and a(v) ELO(S), then the 
abstract Cauchy problem for the energy dependent ransport equation: 
ri=-(T+A)n, (3.1) 
- Tn = - v grad, n, (3.2) 
-An= 
I 
k(v, v’) n(x, v’) dv’ - u(v) n, 
s 
D(T+A)={n~X:(T+A)n~X,n(X,,V,)rO}, (3.4) 
n(O) =f E D(T + -4, (3.5) 
has a unique solution in X = L2(R + S). 
Proof. First we shall show, that T E G(1,O). We have to solve the equa- 
tion 
(T+h)n=f fex, 
vgrad,n +Xn =f, (3.6) 
for n and to show that the formal solution n EL~(R x S). We can perform 
this in the following way. The ordinary differential equation 
$ n(x + so, v) + hn(x + sv, v) = f (x + sv, v) 
has the solution 
s 
s 
n(x + sv, v) = e+ s (+ v) e?f (x + mu, v) 6 (3.8) 
1 * 
where sr(x, v) < 0 is the unique coordinate a on the straight line x + o-v 
such, that x + sl(x, et) v is the unique point on the boundary of the convex 
domain R. For s = 0 we get 
n satisfies the boundary condition; we only have to show that n E L2(R x S): 
I 4x, 41 G j" eRe(A)u 1 f (x + uv, v)] da. (3.10) 
81(Z,V) 
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If Re(A) > 0, and recalling f(~, w) = 0 for x $ R, we get by Schwarz 
inequality and the Fubini Theorem 
j n(x, v)12 < I” 
S~(Z,d 
eRe@Jo da jIl, v) eRe(A)u 1 f(x + OV, u)12 da, 
(3.11) 
s s 
dx 
R S 
dv I 4x, 412 G & J‘ s 
R dx s dv If@, 41”. 
So we have the result, that T E C(X), D(T) is dense in X and 
1 
IV + h1-l II < Reo, (3.12) 
which proves by the Hille-Yosida Theorem that T E G(l, 0) and - T is 
the infinitesimal generator of a semigroup of class C, , 
U(t) = exp(- Tt). (3.13) 
It is easy to see that U(t) has the form of a translation 
CWfl (x9 VI = XR(X)f(X - w f4. (3.14) 
Next we shall show that the collision operator is bounded in P(R x 5’). 
1 s, dx j, dv+) n(x, 312 < jR dx j, dv I 44 2 - s, h js dv I 6 41” 
(3.15) 
by the Schwarz inequality, and because of the finite measure of R we get 
II o-n II2 = m(R) js I +)I2 dv * II n l12. (3.16) 
For the second term in the collision operator we get a similar result: 
s, dx js de, / js K(w, o’) n(x, v’) dv’ 1’ 
< jR dx j, dw j, I K(o, w’)12 dv’ * j, I n(x, v’)12 dw’ (3.17) 
= s s dv s s dv’ I k(o, w’)12 - jR dx js dv’ 1 n(x, v’)12, 
and so we have 
IIS k(v, v’) n(x, w’) dv’ S dv’ I &I, v’)l” - Ij n 112. (3.18) 
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Owing to the theorem of Phillips we see that T + A E G(1, /I A 11) and T + A4 
is the infinitesimal generator of a semigroup of class C,, . This finishes the 
proof of the theorem. 
4. PERTURBATION OF THE SPECTRUM Z(- T) 
Let us now return to the case of a compact reactor R, the scattering of 
mono-energetic particles being isotropic. We already found that the collision- 
less operator - T has an empty spectrum. It has been shown by J. T. Marti 
that the point spectrum of - (T + A,) is countable with the only possible 
point of accumulation at infinity. There are at most a finite number of these 
points in the right half-plane Re(A) > 0, and they are on the real axis in the 
interval 0 < h < p(c), where p(c) is a decreasing function in the number of 
secondary particles per collision, c > 0. It is not known whether there are 
only real eigenvalues in the left half-plane, or whether there are complex 
ones too. 
For the proof of the following theorem see Kato (p. 208): Let T E C(X) 
and let I’ be a compact subset of the resolvent set P(T), then there is a S > 0 
such that r C P(T + A) for any A E B(X) with 11 A 1) < S. For a fixed value y, 
we choose Y > p(y) and construct a circle 
r = {A : 1 x / < Y}, (2.1) 
then’ there exists a S > 0 such that 
rC z[-- (T + A,)] (4.2) 
for all A, with I/ A, II = c < 6. If we choose 
S = min(y, a), (4.3) 
then there are no points of the point spectrum in the right half-plane too. 
The operator - (T + A,) h as only points of the spectrum in the left half- 
plane Re(X) < 0. 
In other words, in this case, if 
c (8, (4.4) 
the transport operator - (T + A) has only points in the pointspectrum with 
Re(h) < - f , (4.5) 
t 
where .Zt means the total microscopic cross section. The supremum of c 
with this property is called “the second critical value” of c, to distinguish it 
from “the first critical value,” where the largest eigenvalue of - (T + A) 
equals zero. 
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REMARK. In the case of the slab reactor - R is not compact-the spec- 
trum of - T is the whole left plane, and the argument fails. Actually, we have 
in this case no second critical value. This has been shown by G. M. Wing, 
there is always a positive eigenvalue to - (T + A,) no matter how small we 
choose c. 
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